Abstract. We prove some semipositivity theorems for singular varieties coming from graded polarizable admissible variations of mixed Hodge structure. As an application, we obtain that the moduli functor of stable varieties is semipositive in the sense of Kollár. This completes Kollár's projectivity criterion for the moduli spaces of higher-dimensional stable varieties.
Introduction
One of the main purposes of this paper is to give a proof of the following "folklore statement" (see, for example, [A2] , [Kr] , [Kv] , [AH] , [K5] , [F3] ) based on [FF] and [F4] . In general, the (quasi-) projectivity of some moduli space is a subtle problem and is harder than it looks (see, for example, [ST] , [K2] , [V3] , and so on).
Theorem 1.1 (Projectivity of moduli spaces of stable varieties). Every complete subspace of a coarse moduli space of stable varieties is projective.
To the best knowledge of the author, Theorem 1.1 is new for stable n-folds with n ≥ 3 (see the comments in 1.9 below). Note that a stable n-fold is an n-dimensional projective semi log canonical variety with ample canonical divisor and is called an n-dimensional semi log canonical model in [K5] . For the details of semi log canonical varieties, see, for example, [F4] and [K7] . We also note that the coarse moduli space of stable varieties is first constructed in the category of algebraic spaces (cf. [KM] ). As a corollary of Theorem 1.1, by using the boundedness result obtained through works of Tsuji, Hacon-M c Kernan and Takayama (cf. [HM] , [T] ), we have: Corollary 1.2 (cf. [K1, 5.6 . Corollary], [Kr, Corollary 1.2] , and [AH, Proposition 6.1.2] ). The moduli functor M sm H of smoothable stable varieties with Hilbert function H is coarsely represented by a projective algebraic scheme.
For the precise statement of the boundedness, see, for example, [HK, Theorem 13.6] . See also the definition of smoothable stable varieties in Definition 5.1 below, which is more general than [Kr, Definition 2.8] . Therefore, we obtain: Theorem 1.1 is a direct consequence of Theorem 1.5 below by Kollár's projectivity criterion (cf. [K1, Sections 2 and 3] For the reader's convenience, let us recall the definition of the semipositivity of M stable , which is a special case of [K1, 2.4 . Definition].
Definition 1.6 (cf. [K1, 2.4 . Definition]). The moduli functor M stable of stable varieties is said to be semipositive (in the sense of Kollár) if the following condition holds: There is a fixed m 0 such that if C is a smooth projective curve and (f : X → C) ∈ M stable (C) , then f * ω
[m]
X/C is a semipositive locally free sheaf on C for every m ≥ m 0 .
As the culmination of the works of several authors, we have: is coarsely represented by a projective algebraic scheme.
We think that the boundedness of the moduli functor M stable H will be established in [HMX] . Note that the boundedness of the moduli functor M stable H for stable surfaces holds true (see [A1] and [AM] ). Theorem 1.5 follows almost directly from the definition of the semipositivity of M stable in Definition 1.6 (cf. [K1, 2.4 . Definition]) and the main semipositivity theorem of this paper: Theorem 1.8 (Main Theorem). Let X be an equi-dimensional variety which satisfies Serre's S 2 condition and is Gorenstein in codimension one. Let f : X → C be a projective surjective morphism onto a smooth projective curve C such that every irreducible component of X is dominant onto C. Assume that there exists a non-empty Zariski open set U of C such that f −1 (U) has only semi log canonical singularities. Then f * ω X/C is semipositive.
Assume further that ω
X/C is locally free and f -generated for some positive integer k. Then f * ω
X/C is semipositive for every m ≥ 1.
1.9 (Comments). Theorem 1.8 is a reformulation of [K1, 4.12. Theorem] . Kollár has pointed out that the assumption that the fibers are surfaces was inadvertently omitted from its statement. He is really claiming [K1, 4.12 . Theorem] for f : Z → C with dim Z = 3 (see [K1, 1. Introduction] ). Therefore, Theorem 1.8 is new when dim X ≥ 4. Likewise, Theorem 1.5 and Theorem 1.1 are new when the dimension of the stable varieties are greater than or equal to three.
We feel that the arguments in [K1, 4.14] only work when the fibers are surfaces. In other words, we needed some new ideas and techniques to prove Theorem 1.8. Our arguments heavily depend on the recent advances on the semipositivity theorems of Hodge bundles ( [FF] ) and the construction of quasi-log resolutions for quasi-projective semi log canonical pairs (cf. [F4] [V2, Theorem 4.34] . We do not discuss the technical details of the construction of moduli spaces of stable varieties in this paper. We mainly treat various semipositivity theorems. Note that the projectivity criterion discussed here is independent of the existence problem of moduli spaces. We recommend the reader to see [K1, Section 2] and [K5, Section 5] for Kollár's program for constructing moduli spaces of stable varieties. Our paper is related to the topic in [K5, 41 (Projectivity)] .
In this paper, we prove Theorem 1.8 in the framework of [F4] and [FF] . Note that [F4] and [FF] heavily depend on the theory of mixed Hodge structures on cohomology groups with compact support. A key ingredient of this paper is the following semipositivity theorem, which is essentially contained in [FF] . It is a generalization of Fujita's semipositivity theorem (see [Ft, (0.6) Main Theorem]). We note that a Hodge theoretic approach to the original Fujita semipositivity theorem was introduced by Zucker (see [Z] ). Theorem 1.11 (cf. [FF, Section 5] ). Let (X, D) be a simple normal crossing pair such that D is reduced. Let f : X → C be a projective surjective morphism onto a smooth projective curve C. Assume that every stratum of X is dominant onto C. Then f * ω X/C (D) is semipositive.
Although we do not know what is the best formulation of the semipositivity theorem for moduli problems, we think Theorem 1.11 will be one of the most fundamental results for application to Kollár's projectivity criterion for moduli spaces. We prove Theorem 1.8 by using Theorem 1.11. By the same proof as that of Theorem 1.8, we obtain a generalization of Theorem 1.8, which contains both Theorem 1.8 and Theorem 1.11. Theorem 1.12. Let X be an equi-dimensional variety which satisfies Serre's S 2 condition and is Gorenstein in codimension one. Let f : X → C be a projective surjective morphism onto a smooth projective curve C such that every irreducible component of X is dominant onto C. Let D be a reduced Weil divisor on X such that no irreducible component of D is contained in the singular locus of X. Assume that there exists a non-empty Zariski open set U of C such that (f −1 (U), D| f −1 (U ) ) is a semi log canonical pair. Then f * ω X/C (D) is semipositive.
We further assume that O X (k(K X +D)) is locally free and f -generated for some positive integer k. Then f * O X (m(K X/C + D)) is semipositive for every m ≥ 1.
By combining Theorem 1.12 with Viehweg's covering trick, we obtain the following theorem: Theorem 1.13, which is an answer to the question in [A2, 5.6 ]. Although we do not discuss the moduli spaces of stable pairs here, Theorem 1.12 and Theorem 1.13 play important roles in the proof of the projectivity of the moduli spaces of stable pairs (see [A2] , [FP] , and 4.4 below). Theorem 1.13. Let X be an equi-dimensional variety which satisfies Serre's S 2 condition and is Gorenstein in codimension one. Let f : X → C be a projective surjective morphism onto a smooth projective curve C with connected general fibers such that every irreducible component of X is dominant onto C. Let ∆ be an effective Q-Weil divisor on X such that no irreducible component of the support of ∆ is contained in the singular locus of X. Assume that there exists a nonempty Zariski open set U of C such that (f −1 (U), ∆| f −1 (U ) ) is a semi log canonical pair. We further assume that O X (k(K X + ∆)) is locally free and f -generated for some positive integer
Remark 1.14. In this paper, we do not use algebraic spaces for the proof of the semipositivity theorems. We only treat projective varieties. Note that Theorem 1.11 follows from the theory of variations of mixed Hodge structure. The variations of mixed Hodge structure discussed in [FF] are graded polarizable and admissible. Therefore, we can not directly apply the results in [FF] to the variations of (mixed) Hodge structure arising from families of algebraic spaces. We need some polarization to obtain various semipositivity theorems in our framework. We also note that the admissibility assures us the existence of (canonical) extensions of Hodge bundles, which does not always hold for abstract graded polarizable variations of mixed Hodge structure (see [FF, Example 1.6 
]).
We do not use the Fujita-Kawamata semipositivity theorem coming from the theory of polarized variations of Hodge structure. We think we need some semipositivity theorems obtained by the theory of graded polarizable admissible variations of mixed Hodge structure for Kollár's projectivity criterion of moduli spaces of stable varieties. Remark 1.15. (1) As explained in [K1] and [K3] , it is difficult to directly check the quasi-projectivity of non-complete singular spaces. This is because there is no good ampleness criterion for non-complete spaces. In this paper, we adopt Kollár's framework in [K1, Sections 2 and 3], where we use the Nakai-Moishezon criterion to check the projectivity of complete algebraic spaces. Note that Viehweg discusses the quasi-projectivity of non-complete moduli spaces (cf. [V2] , [V3] ). On the other hand, Kollár and we prove the projectivity of complete moduli spaces (cf. [K1] ).
(2) Although we repeatedly use Viehweg's covering arguments, we do not use the notion of weak positivity, which was introduced by Viehweg and plays crucial roles in his works (cf. [V1] , [V2] , [V3] ). We just treat the semipositivity on smooth projective curves (cf. [K1] ).
(3) From the Hodge theoretic viewpoint, our approach is based on the theory of mixed Hodge structures (cf. [FF] ). The arguments in [V2] , [K1] , and [V3] use only pure Hodge structures. It is one of the main differences between our approach and the others.
We summarize the contents of this paper. In Section 2, we collect some basic definitions. In Section 3, we quickly review the moduli functor M stable of stable varieties and its coarse moduli space. Section 4 is the main part of this paper, where we prove the theorems in Section 1. Our proofs depend on [FF] , [F4] , and Viehweg's covering arguments. In Section 5, we prove the corollaries in Section 1. in-Aid for Young Scientists (A) ♯24684002 from JSPS. He thanks Professor János Kollár for answering his questions and giving him many useful comments and Professor Steven Zucker for giving him useful comments and advice. He also thanks Professors Varely Alexeev, Taro Fujisawa and Sándor Kovács for comments. Finally, he thanks Professor Shigefumi Mori for warm encouragement.
We will work over C, the complex number field, throughout this paper. Note that, by the Lefschetz principle, all the results in this paper hold over any algebraically closed field k of characteristic zero. We will freely use the notation and terminology in [FF] and [F4] . For the standard notations and conventions of the log minimal model program, see [F2] .
Preliminaries
Let us recall the definition of semismooth varieties.
Definition 2.1 ([ K1, 4.1. Definition] ). An algebraic variety X is called semismooth if all of its closed points are analytically (or formally) isomorphic to one of the following:
• a smooth point;
• a double normal crossing point:
Let us recall the definition of semipositive locally free sheaves. For the details, see, for example, [V2, Section 2].
Definition 2.2 (Semipositive locally free sheaves). A locally free sheaf of finite rank E on a complete variety X is semipositive (or nef) if the following equivalent conditions are satisfied:
(ii) For every map from a smooth projective curve f : C → X, every quotient line bundle of f * E has non-negative degree.
In this paper, we only discuss various semipositivity theorems for locally free sheaves on a smooth projective curve.
The following well-known lemma is very useful. We omit the proof of Lemma 2.3 because it is an easy exercise.
Lemma 2.3. Let C be a smooth projective curve and let E i be a locally free sheaf on C for i = 1, 2. Assume that E 1 ⊂ E 2 , E 1 is semipositive, and that E 1 coincides with E 2 over some non-empty Zariski open set of C. Then E 2 is semipositive.
We need the notion of simple normal crossing pairs for Theorem 1.11. Note that a simple normal crossing pair is sometimes called a semi-snc pair in the literature (cf. [BP, Definition 1.1 
]).
Definition 2.4 (Simple normal crossing pairs). We say that the pair (X, D) is simple normal crossing at a point a ∈ X if X has a Zariski open neighborhood U of a that can be embedded in a smooth variety Y , where Y has regular local coordinates (x 1 , · · · , x p , y 1 , · · · , y r ) at a = 0 in which U is defined by a monomial equation
We say that (X, D) is a simple normal crossing pair if it is simple normal crossing at every point of X.
For the reader's convenience, we recall the notion of semi log canonical pairs.
Definition 2.5 (Semi log canonical pairs). Let X be an equi-dimensional algebraic variety which satisfies Serre's S 2 condition and is normal crossing in codimension one. Let ∆ be an effective R-divisor on X such that no irreducible component of Supp ∆ is contained in the singular locus of X. The pair (X, ∆) is called a semi log canonical pair (an slc pair, for short) if
(1) K X + ∆ is R-Cartier, and (2) (X ν , Θ) is log canonical, where ν : X ν → X is the normalization and
If (X, 0) is a semi log canonical pair, then we simply say that X is a semi log canonical variety or X has only semi log canonical singularities.
For the details of semi log canonical pairs and the basic notations, see [F4] and [K7] .
where every real number x, ⌈x⌉ (resp. ⌊x⌋) is the integer defined by x ≤ ⌈x⌉ < x + 1 (resp. x − 1 < ⌊x⌋ ≤ x). We set
We close this section with the definition of ω
Definition 2.7. In Theorem 1.8, ω
[m]
X/C is the m-th reflexive power of ω X/C . It is the double dual of the m-th tensor power of ω X/C :
In this section, we quickly review the moduli space of stable varieties (see [K5] ). First, let us recall the definition of stable varieties.
Definition 3.1 (Stable varieties). Let X be a connected projective semi log canonical variety with ample canonical divisor. Then X is called a stable variety or a semi log canonical model.
In order to obtain the boundedness of the moduli functor of stable varieties, we have to fix some numerical invariants. So we introduce the notion of the Hilbert function for stable varieties. 
The following definition of the moduli functor of stable varieties is mainly due to Kollár. Note that a stable variety X is not necessarily Cohen-Macaulay when dim X ≥ 3. We think that it is one of the main difficulties when we treat families of stable varieties. X/S is flat over S and commutes with base change for every m, modulo isomorphisms over S. X/S is flat over S and commutes with base change for every m, modulo isomorphisms over S. [K6, Theorem 26] and [HX, Section 7] ). Moreover, it is well known that the automorphism group Aut(X) of a stable variety X is a finite group (for a more general result, see [F4, Corollary 6.16] 
Proof of theorems
Let us start the proof of Theorem 1.11. Theorem 1.11 is essentially contained in [FF, Section 5] . We need no extra assumptions on D and local monodromies since C is a curve.
Proof of Theorem 1.11. There is a closed subset Σ of C such that every stratum of (X, D) is smooth over C 0 = C \ Σ. Apply [BP, Theorem 1.2] to (X, Supp(D + f * Σ)). Then we obtain a birational morphism g : X ′ → X from a projective simple normal crossing variety X ′ such that g is an isomorphism outside Supp f * Σ and that g −1 * D + g * f * Σ has a simple normal crossing support on X ′ . Let D ′ be the horizontal part of g −1 * D. We may assume that D ′ is Cartier (cf. [BP, Section 8] ). Then (X ′ , D ′ ) is a simple normal crossing pair and we obtain an inclusion
which is an isomorphism over C 0 . Therefore, it is sufficient to prove that f * g * ω X ′ /C (D ′ ) is semipositive by Lemma 2.3. By replacing (X, D) with (X ′ , D ′ ), we may assume that every stratum of (X, D) is dominant onto C. We note that every local monodromy on
We may assume that π is a Kummer cover. By shrinking C 0 , we may further assume that π :
0 underlies an admissible graded polarizable variation of Q-mixed Hodge structure. Then G is locally free and G * is a semipositive locally free sheaf on C ′ (cf. [FF, Theorem 5 
where G is the Galois group of π :
Step 4 in the proof of Theorem 5.1 and Theorem 5.3 in [FF] . Therefore, by taking the dual, we obtain an inclusion 0 → G
is semipositive by Lemma 2.3. So we obtain that f * ω X/C (D) is semipositive because π is surjective.
Remark 4.1. When X is smooth in Theorem 1.11, the semipositivity theorem obtained in [F1, Theorem 3.9 ] is sufficient for the proof of Theorem 1.11. Note that [F1, Theorem 3.9] also follows from the theory of graded polarizable admissible variations of mixed Hodge structure.
Before we prove Theorem 1.8, we treat the following easier semipositivity theorem: Theorem 4.2. It is essentially the same as [K1, 4.13. Lemma] . Note that if X is semismooth then X has only semi log canonical singularities. Therefore, Theorem 4.2 is a special case of Theorem 1.8.
Theorem 4.2 (Semipositivity for semismooth varieties)
. Let X be a semismooth variety and let f : X → C be a projective surjective morphism onto a smooth projective curve. Assume that every irreducible component of X is dominant onto C. Then f * ω X/C is semipositive.
By using the arguments in [F4, Section 4], we reduce Theorem 4.2 to Theorem 1.11. Hence we recommend the reader to see [F4, Section 4] before reading the rest of this section. Although Theorem 4.2 is a special case of Theorem 1.8, we give a proof for the reader's convenience. It will help the reader to understand more sophisticated arguments in the proof of Theorem 1.8.
Proof of Theorem 4.2. By
Step 2, Step 3, and Step 4 in the proof of [F4, Theorem 1.2], we can find a smooth projective variety M with dim M = dim X + 1, a semismooth variety X ′ , which is a divisor on M, such that α : X ′ → X is birational and Sing X ′ maps birationally onto Sing X. Since α * ω X ′ ≃ ω X , we can replace X with X ′ . Therefore, we may assume that X is a divisor on a smooth projective variety M. Let X snc denote the simple normal crossing locus of X. Take a blowup along an irreducible component of X \ X snc and replace X with its total transform with the reduced structure. After finitely many steps, we may further assume that X is a simple normal crossing divisor on a smooth projective variety (see Step 6 in the proof of [F4, Theorem
1.2])
. If there is a stratum S of X which is not dominant onto C, then we take a blow-up along that stratum. We can replace X with its strict transform by Lemma 2.3. Note that if S is an irreducible component of X then we replace X with X \ S in the above process. After finitely many steps, we may assume that every stratum of X is dominant onto C. By Theorem 1.11, we obtain that f * ω X/C is semipositive.
From now on, we prove Theorem 1.8. The proof of Theorem 1.8 is essentially the same as that of Theorem 4.2 when m = 1. The case m ≥ 2 can be reduced to the case when m = 1 by using Viehweg's covering arguments.
Proof of Theorem 1.8. In
Step 1, we prove the semipositivity of f * ω X/C .
Step 1. We apply the proof of Theorem 1.2 in [F4, Section 4 ] to X. Before we apply Step 6 in [F4, Section 4], we add the following step.
Step 5.5. If there is an irreducible component S of Sing
, where Σ = C \ U, then we take a blow-up of X 3 along S and replace X 3 with its strict transform. By repeating this process finitely many times, we may assume that
−1 (Σ) contains no irreducible components of Sing X 3 . Then we obtain a smooth projective variety M and a simple normal crossing divisor Z on M , a Q-Cartier Q-divisor B on M , and a projective surjective morphism h : Z → X with the following properties.
(1) B is a subboundary Q-divisor, that is, B ≤1 = B.
(2) B and Z have no common irreducible components. (3) Supp(Z + B) is a simple normal crossing divisor on M . We set Z := (h)
is a quasi-log resolution as in [F4, Theorem 1.2] . More precisely, we have the following properties.
(
(6) The set of slc strata of f −1 (U) gives the set of qlc centers of
. By taking more blow-ups, if necessary, we may assume that there are no strata of (Z, Supp ∆ Z ) in Z \ Z, where ∆ Z = B| Z . By the construction of (Z, ∆ Z ), we can check that
) is semipositive by Lemma 2.3. It is nothing but Theorem 1.11.
Step 2 (cf. Proof of [V2, Corollary 2.45] ). By Viehweg's covering trick, we can prove that f * ω
[m]
X/C is semipositive for every m ≥ 2 by using the case when m = 1. It is essentially [V2, Corollary 2.45] . Here, we closely follow the proof of [V2, Corollary 2.45] .
Let H be an ample line bundle on C. We set
By the assumption, we have that the natural map f * f * ω
is generated by its global sections for some positive integer N. Hence we see that
X/C ⊗ f * H rk is locally free and semiample. By the usual covering argument (see Remark 4.3), (f * ω
. This is only possible
The same holds true if we take any base change by π : C ′ → C such that π is a finite morphism from a smooth projective curve and ramifies only over general points of C. Therefore, f * ω We have finished the proof of Theorem 1.8. ′ → X be a cyclic cover associated to a general member A ∈ |ω
′ → C satisfies all the assumptions for f : X → C. Therefore, we have that f ′ * ω X ′ /C is semipositive. It is easy to see that ω
Theorem 1.5 is almost obvious by Theorem 1.8.
Proof of Theorem 1.5. We consider (f : X → C) ∈ M stable (C) where C is a smooth projective curve. By Kawakita's inversion of adjunction (see [Kwk, Theorem] ), we can easily check that X itself is a semi log canonical variety. By the definition of M stable , we can find a positive integer k such that ω Proof of Theorem 1.1. It is sufficient to prove this theorem for connected subspaces. Let Z be a connected complete subspace of M stable .
It is obvious that M
stable has an open subspace of finite type which contains Z. By replacing M stable with the subfunctor given by this subspace, we get a new functor N which is bounded. By recalling the construction of the coarse moduli space, we know that there is a locally closed subscheme S of Hilb(P N ) for some N such that Z is obtained as the geometric quotient S/ Aut(P N ). Let f : X → S be the universal family. By the proof of [K1, 2.6 . Theorem], we see that det(f * ω
[k]
X/S ) p descends to an ample line bundle on Z for a sufficiently large and divisible integer k and a sufficiently divisible positive integer p (see [V2, Lemma 9.26] ). Note that [K1, 2.6 . Theorem] needs the semipositivity of M stable . For the details, see [K1, Sections 2 and 3] and [V2] .
The proof of Theorem 1.8 works for Theorem 1.12 with some minor modifications.
Proof of Theorem 1.12. Roughly speaking, all we have to do is to replace K X (resp. ω X ) with K X + D (resp. ω X (D)) in the proof of Theorem 1.8. We leave the details as an exercise for the reader. Theorem 1.12 is useful for the projectivity of the moduli space of stable maps (cf. [FP] ). For some related topics, see also [A2] .
4.4 (Projectivity of the space of stable maps (cf. [FP] )). We freely use the notation in [FP] . Let F = (π, C → S, {p i }, µ) be a stable family of maps over S to P r . For the definition, see [FP, 1.1. Definitions] . We set
In [FP, Lemma 3] , it is proved that E k (π) is a semipositive locally free sheaf on S for k ≥ 2 by using the results in [K1, Section 4 ]. This semipositivity is used for the projectivity of the moduli space of stable maps in [FP, 4.3. Projectivity] . The semipositivity of E k (π) can be checked as follows: Since k ≥ 2, by the base change theorem, we may assume that S is a smooth projective curve. We take a general member H of |µ
is a semi log canonical surface and
is semipositive for every k ≥ 2 by Theorem 1.12.
Let us start the proof of Theorem 1.13.
Proof of Theorem 1.13. We use Viehweg's covering arguments (cf. [V1] ) and Theorem 1.12.
Step 1. As in the proof of Theorem 1.8, we obtain a smooth projective variety M and a simple normal crossing divisor Z on M , a Q-Cartier Q-divisor B on M , and a projective surjective morphism h : Z → X with the following properties.
(2) B and Z have no common irreducible components.
(3) Supp(Z + B) is a simple normal crossing divisor on M .
We set Z := (h) −1 f −1 (U) and h := h| Z :
By taking more blow-ups, if necessary, we may assume that Z \ Z is a simple normal crossing divisor on Z, (Z \ Z) ∪ Supp ∆ Z is a simple normal crossing divisor on Z, and therefore there are no strata of (Z, Supp ∆ Z ) in Z \ Z, where ∆ Z = B| Z . In this case, by the construction of (Z, ∆ Z ), we can check that
Hence it is sufficient to prove that (f
) is semipositive by Lemma 2.3. By shrinking U, we may further assume that every stratum of (Z, Supp ∆ Z ) is smooth over U.
Step 2. By the above construction, we have
. We apply the covering argument discussed in [C, Section 4.4] , which is a modification of Viehweg's covering argument in [V1, Lemma 5.1 and Corollary 5.2]. We set g = f • h. By taking more blow-ups over Z \ Z if necessary, we may assume that
is a line bundle which is g-generated and that
such that E is an effective Cartier divisor on Z and that Supp E is a simple normal crossing divisor on Z. We may further assume that
is a simple normal crossing divisor on Z. By the construction, we see that E = −k∆ <0 Z over U. Let H be an ample line bundle on C. We set
The following lemma is essentially contained in [V1, Lemma 5.1 and Corollary 5.2].
Lemma 4.5 (see [C, Lemma 4.19] ). Let g : Z → C be as above. Let A be an ample line bundle on C. Assume that
is generated by its global sections for some positive integer N. Then
is semipositive on C.
Proof of Lemma 4.5. Once we adopt Theorem 1.12, the arguments in the proof of [C, Lemma 4 .9] works for our situation. Since every stratum of Z is dominant onto C, Z is a simple normal crossing variety, and g has connected general fibers, we have g * O Z ≃ O C (see, for example, [F4, Lemma 3.6] ). By the definition of F , we have
Therefore, S N (g * F ⊗ A k ) is generated by its global sections by the assumption. Hence |(F ⊗ g * A k ) N | is a free linear system on Z. Note that F is g-generated. We set
Then we have
Let H be a general member of the free linear system |(
We take a (kN)-fold cyclic cover p : Z → Z associated to
) is a semi log canonical pair (cf. [K6, Theorem 26] ). More explicitly, Z can be written as follows:
We can easily see that ω Z ⊗ L (k−1) is a direct summand of p * ω Z by the construction, where
By the calculation in the proof of [C, Lemma 4 .9], we have a natural inclusion
which is an isomorphism on U. We note that
). By taking a suitable partial resolution of ( Z, p * ∆ =1 Z ) (see [BP, Theorem 1 .2]), we can construct a simple normal crossing pair (V, D) such that D is reduced and that
) where q : V → Z. Hence we have the following properties.
(1) π = p • q : V → Z is a generically finite cover.
(2) there is a locally free sheaf E on C such that E is a direct summand of (g • π) * ω V /C (D). By a special case of Theorem 1.12, we obtain that (g • π) * ω V /C (D) is semipositive. Therefore, the direct summand E is also a semipositive locally free sheaf on C. By Lemma 2.3, we obtain that
is semipositive.
By the definition of r, g * O Z (k(K Z/C + ∆ >0 Z )) ⊗H rk−1 is semipositive. Therefore,
is generated by its global sections for some positive integer N. Then, by Lemma 4.5, we obtain that
is semipositive. This is only possible if (r − 1)k − 1 < r(k − 1). It is equivalent to r ≤ k. Therefore,
is semipositive. The same holds true if we take any base change by π : C ′ → C such that π is a finite morphism from a smooth projective curve and ramifies only over general points of C. Therefore,
Hence we obtain that f * O X (k(K X/C + ∆)) is semipositive on C.
Since O X (kl(K X + ∆)) is f -generated, by replacing k with kl in the above arguments, we obtain that f * O X (kl(K X/C + ∆)) is semipositive for every positive integer l.
We close this section with comments on Kollár's arguments in [K1, Section 4] for the reader's convenience.
4.6 (Comments on Kollár's arguments in [K1, Section 4] ). In [K1, Section 4], Kollár essentially claims Theorem 1.8 when dim X = 3. However, it is not so obvious to follow his arguments. In the last part of [K1, 4.14] , he says As in the proof of 4.13 the kernel of δ is a direct summand and thus semipositive. 
